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1 Traditional Reinforcement Learning Problem

• Input: A simulator providing a state transition function:

P (s′|s, a)

and a reward function:
R(s, a).

• Output: A policy:
π(a|s)

that maximizes the expected cumulative reward:

E

[ ∞∑
t=0

γtrt

]
,

where γ is the discount factor.

1.1 Returns and Episodes

The discounted return Gt represents the total accumulated reward starting from time t:

Gt = Rt+1 + γRt+2 + γ2Rt+3 + . . .

which can be written recursively as:

Gt = Rt+1 + γGt+1.

1.2 Policies and Value Functions

The state-value function for a policy π, denoted as Vπ(s), is the expected return when starting
from state s and following policy π:

Vπ(s) = Eπ[Gt|St = s].

Similarly, the action-value function Qπ(s, a) is the expected return when taking action a in state
s, and then following policy π:

Qπ(s, a) = Eπ[Gt|St = s,At = a].
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1.3 Bellman Equation

From the definition of value functions, we derive the Bellman equation:

Vπ(s) = Eπ [Rt+1 + γVπ(St+1) | St = s] .

Expanding the expectation using the transition probability:

Vπ(s) =
∑
a∈A

π(a|s)
∑
s′∈S

P (s′|s, a) [R(s, a) + γVπ(s
′)] .

Similarly, the Bellman equation for action-value function Qπ(s, a) is:

Qπ(s, a) = Eπ [Rt+1 + γQπ(St+1, At+1) | St = s,At = a] .

1.4 Optimal Policies and Value Functions

The optimal state-value function V∗(s) is the maximum achievable value across all policies:

V∗(s) = max
π

Vπ(s).

The optimal action-value function Q∗(s, a) is the maximum achievable value for taking action a in
state s:

Q∗(s, a) = max
π

Qπ(s, a).

A policy is optimal if and only if it satisfies:

π∗(a|s) = argmax
a

Q∗(s, a).

1.5 Bellman Optimality Equation

Since an optimal policy must maximize future rewards, we derive the Bellman optimality equa-
tion:

V∗(s) = max
a∈A

∑
s′∈S

P (s′|s, a) [R(s, a) + γV∗(s
′)] .

For the optimal action-value function:

Q∗(s, a) =
∑
s′∈S

P (s′|s, a)
[
R(s, a) + γmax

a′
Q∗(s

′, a′)
]
.

These equations form the foundation for dynamic programming methods such as Value Iteration
and Policy Iteration.

1.6 Monte Carlo Methods

Monte Carlo methods rely on complete episode data to estimate value functions under the current
policy π:

1. Generate multiple trajectories by following policy π.

2. Compute the return for each state:

Gt = rt+1 + γrt+2 + γ2rt+3 + . . .

3. Update the value function using the average return:

V (s) =
1

n

n∑
i=1

Gi
t,

where n is the number of times state s has been visited, and Gi
t is the return from the i-th

visit to s.
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1.7 Temporal Difference (TD) Learning

Unlike Monte Carlo methods, Temporal Difference (TD) methods do not require waiting for an en-
tire episode to finish. Instead, TD methods update the value function online using partial episode
data.

1.7.1 TD(0)

TD(0) is the simplest form of temporal difference learning. The Bellman equation serves as the theo-
retical foundation for TD learning, providing a recursive definition of the value function:

V (st)← V (st) + α (rt + γV (st+1)− V (st)) ,

where the TD error is defined as:

δt = rt + γV (st+1)− V (st).

The goal of TD(0) is to iteratively reduce the TD error δt, ensuring that V (St) converges to the true
value function Vπ(st) under policy π as t→∞:

E[V (st)]→ Vπ(st).

1.7.2 n-step TD

Building upon TD(0), n-step TD leverages multiple future rewards to accelerate the convergence of
δt. The n-step return is defined as:

G
(n)
t = rt + γrt+1 + · · ·+ γn−1rt+n−1 + γnV (st+n).

The update rule for n-step TD is:

V (St)← V (St) + α
(
G

(n)
t − V (St)

)
.

Special cases:

• When n = 1, n-step TD reduces to TD(0).

• When n = T − t (i.e., the remaining steps in an episode), n-step TD becomes equivalent to the
Monte Carlo method.

1.7.3 λ-return

To further improve the n-step TD method and achieve a finer balance between bias and variance, λ
introduces a decay factor λ to compute a weighted average of different n-step returns:

G
(λ)
t = (1− λ)

∞∑
n=1

λ(n−1)G
(n)
t .

Equivalently, it can be rewritten as:

G
(λ)
t = (1− λ)

(
G

(1)
t + λG

(2)
t + λ2G

(3)
t + . . .

)
.

Further derivation gives

G
(
tλ) =

∞∑
n=0

(γλ)n[rt+n + (1− λ)γV (st+n+1)]

Special cases:

• When λ = 0, lambda-return reduces to TD(0).

• When λ→ 1, lambda-return approximates the Monte Carlo method.
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1.8 Policy Gradient Method

Policy gradient methods directly optimize the policy πθ(a|s) by adjusting the parameters θ to maxi-
mize the expected cumulative reward:

J(θ) = Eπ

[
T∑

t=0

rt

]
.

Using the policy gradient theorem, the gradient of the objective function is given by:

∇θJ(θ) = Eπ

[
T∑

t=0

∇θ log πθ(at|st)Q(st, at)

]
.

Since estimating Q(s, a) directly can be difficult, it is common to use the advantage function:

A(st, at) = Q(st, at)− V (st).

Substituting this into the policy gradient equation:

∇θJ(θ) = Eπ

[
T∑

t=0

∇θ log πθ(at|st)A(st, at)

]
.

The advantage function reduces variance by centering the updates around the state value V (st), im-
proving training stability.
The policy is then updated using gradient ascent:

θ ← θ + α∇θJ(θ).

1.8.1 Monte Carlo Rollouts: High Variance

A full Monte Carlo estimate of the return is given by:

Gt = rt + γrt+1 + γ2rt+2 + · · ·+ γT−trT .

REINFORCE is the classic Monte Carlo policy gradient method. It directly optimizes the policy
using:

∇θJ(θ) = Eπ

[
T∑

t=0

∇θ log πθ(at|st)Gt

]
.

To reduce variance, a baseline V (st) is often subtracted (with equal expectation)

∇θJ(θ) = Eπ

[
T∑

t=0

∇θ log πθ(at|st)A(st, at)

]
,

Note here advantage function A(s,t) is estimated as:

A(st, at) ≈ Gt − V (st).

The value function is updated using the full return:

V (st)← V (st) + α(Gt − V (st)).

Although Monte Carlo estimation is unbiased, it suffers from high variance, making training un-
stable.
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1.8.2 TD-Based Advantage Estimation: Lower Variance

Instead of waiting for full episode rollouts like Monte-Carlo estimate, the TD error estimate is de-
fined as:

A(st, at) ≈ δt = rt + γV (st+1)− V (st).

The approximation on the left is b/c TD error is an unbiased estimator of the advantage func-
tion:

Eπ[δt|St = st, At = at] = A(st, at),

it provides a lower-variance alternative to Monte Carlo estimation.
Using TD estimation, the policy gradient theorem gives:

∇θJ(θ) = Eπ

[
T∑

t=0

∇θ log πθ(at|st)δt

]
.

The Actor-Critic (AC) method uses bootstrapping (updating the value estimate of a state
from estimated values of subsequent states) to update its critic function, specifically:

• Actor: The policy πθ(a|s), updated via policy gradients.

• Critic: The value function Vϕ(s), trained to minimize the TD error, which bootstraps from
V (st+1)

The policy gradient update in Actor-Critic is:

∇θJ(θ) = Eπ

[
T∑

t=0

∇θ log πθ(at|st)A(st, at)

]
,

where the advantage function A is estimated using TD learning:

A(st, at) ≈ δt = rt + γV (st+1)− V (st).

The value function is updated using bootstrapping with the TD error:

V (st)← V (st) + αδt = V (st) + α(rt + γV (st+1)− V (st)).

Actor-Critic methods reduce variance compared to REINFORCE but introduce bias due to boot-
strapping. Example Actor-Critic methods include A2C, PPO, TRPO

1.8.3 Generalized Advantage Estimation

Generalized Advantage Estimation (GAE) is a method used in policy gradient algorithms for esti-
mating the advantage function. GAE introduces λ weighting to balance bias and variance:

AGAE(λ,γ) =

∞∑
l=0

(γλ)lδt+l.

GAE provides a flexible trade-off between variance and bias in advantage estimation, making it widely
used in modern deep reinforcement learning algorithms. Example algorithm is PPO with GAE.

1.8.4 Importance Sampling

During RL iteration, we need to learn from the trajectory generated from ”old policy”, in which case
we need to apply importance sampling to rectify the ”return” of old policy, imagine we have proba-
bility distribution p(x) and q(x), and expectation of f(x) under p equals to:

Ex∼p[f(x)] = Ex∼q

[
p(x)
q(x) f(x)

]
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In RL training, let µ be the old policy distribution, and π being the current policy, the expected re-
turn of current policy is R(τ) is:

w(τ) =

T∏
t=0

π(at | st)
µ(at | st)

Eτ∼µ

[
w(τ)R(τ)

]
= Eτ∼π

[
R(τ)

]
R(τ) =

T∑
t=0

γt r(st, at)

Note in this off-policy definition, we assume the ”old policy” is known, meaning we have access to its
probability distribution µ(a|s).

1.8.5 PPO-clip

Carrying on from previous section, after importance sampling and GAE, the actor objective be-
comes:

argmaxJ(πθ) = Eπold

[ πθ(at|st)
πold(at|st)

AGAE(st, at)logπθ(at|st)
]

when the ”old policy” is substantially different from current policy, the ratio π/µ will experience
high fluctuation, which would also cause high fluctuation on the objective function above, PPO in-
troduces a ”clip” operation and GAE to suppress high variance update, the PPO objective is:

LCLIP(θ) = Et

[
min

(
rt(θ)A

GAE(st, at), clip(rt(θ), 1− ϵ, 1 + ϵ)AGAE(st, at)
)
logπθ(at|st)

]
rt(θ) =

πθ(at | st)
πθold(at | st)

1.8.6 PPO-KL

In order to prevent πold and πnew from large deviation, PPO-KL introduces a KL term to penalize
such deviations:

argmaxJ(πθ) = Eπold

[( πθ(at|st)
πold(at|st)

AGAE(st, at)− β ·KL(πθ||πold)
)
logπθ(at|st)

]
1.8.7 Critric

Critics objective is to minimize the distance between ”predicted” value function Vϕ(st) and target
value V target

t

Lcritic(ϕ) = Et

[(
Vϕ(st)− V target

t

)2]
, V target

t = V GAE
t + Vϕold(st) = (rt + γVϕold(st+1)) + γλV GAE

t+1

2 LLM RL

Let’s try to map the RL defintions to LLM scenarios, in LLM scenario

st = prompt + generated tokens up to t

at = generate next token given st

π(at|st) = probability distribution over next tokens given st

rt = immediate reward for at

R =

T∑
k=t

rk (accumulated return)

V (st) = E[R | st] (expected cumulative reward)
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2.1 PPO(Actor-Critic)

Now imagine π is the policy LLM model, q is one of the questions in the training dataset, o is the
output, the PPO objective in LLM scenarios is

LPPO(θ) = Eq,o∼πθold

[
min

(
rθ(q, o) Â(q, o), clip

(
rθ(q, o), 1− ϵ, 1 + ϵ

)
Â(q, o)

)]
rθ(q, o) =

πθ(o | q, o<t)

πθold(o | q, o<t)
,

There are 2 drawbacks of LLM-PPO:

• Need to train a value model, which has similar cost to the policy model

• Token level loss, the reward is assigned at the LAST token only, no process reward during gen-
eration

2.2 GRPO

GRPO [SWZ+24] proposes a few key changes to the PPO algorithm

2.2.1 Remove Critic

GRPO skips the value function estimation step, instead, it uses a ”sample group” to replace the
value function

LGRPO(θ) = Eq,oiGi=1∼πθold

1

G
ΣG

i=1

1

|oi|
Σ

|oi|
t=1

[
min

(
rθ(q, oi) Âi,t, clip

(
rθ(q, oi), 1−ϵ, 1+ϵ

)
Âi,t

)]
−βDKL

[
πθ||πref

]
Here oi

G
i=1 ∼ πold means sampling the outputs of the G candidates from the old policy.

2.2.2 Advantage Ai,t calculations

1. Outcome supervision

(a) For each of the output oi, use reward model to score r = {r1, r2...rG}
(b) for each token oi,t, the advantage is the normalized return:

Âi,t =
ri −mean(r)

std(r)

2. Process Supervision At the end of each reasoning ”step”, a process reward is provided.

(a) process supervision model will provide a reward according to:

R =
{{

r
index(1)
1 , .....r

index(K1)
1

}
, ...

{
r
index(1)
G , ...r

index(KG)
G

}}
here index(j means the j − th reasoning step token index, Ki is the number of reason-
ing steps for the i-th response

(b) for each reasoning step, the reward is normalized by

r̃
index(j
i =

r
index(j)
i −mean(r)

std(r)

(c) the advantage of each token is the sum of all normalized reward from subsequent steps

Âi,t = Σindex(j)≥t̃r
index(j
i

7



2.2.3 Why GRPO

• Significantly reduced memory/compute cost by skipping value model training

• For the same input q, GRPO will produce different advantages across the group G, which will
encourage model to differentiate the quality between responses within the same group. This is
similar to using inference time scaling to improve response quality.

2.3 DAPO

2.3.1 Dynamic Sampling

There are observations that for some prompt p, all responses are correct and receive the same re-
ward 1, which resulted in an advantage of 0 for all samples in group G. Hence DAPO [YZZ+25] pro-
posed a oversampling and filtering control mechanism that leaves all prompts in the batch with
effective gradients (accuracy is neither 0 or 1) and maintains a consistent number of prompts.

2.3.2 Token level loss

DAPO does not average token loss per example, instead it averages tokens across the entire group,
which encourages long CoT with high-reward samples to learn more effectively, the overall DAPO
update is

JDAPO = Eq,oiGi=1∼πθold

[ 1

ΣG
i=1|oi|

ΣG
i=1Σ

|oi|
t=1Jθ

]
2.3.3 Removing KL penalty

During training the long-CoT reasoning model, the distribution of the model can diverge signifi-
cantly from the initial model; therefore, this restriction is not necessary. Therefore, DAPO excluded
the KL term from the gradient equation, which basically removed the need for reference policy
model which further reduced memory cost. The complete implementation of DAPO can be found in
VeRL [SZY+24]
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